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1. INTRODUCTION

Suppose X is a real Banach space and Y a linear subspace of X. Then a
projection from X onto Y is a linear map whose range is Y and which is
idempotent on Y, ic., Py=y for all y in Y. In all cases it is possible to find
a lower bound for the norm of any projection from a given Banach space X
onto a fixed linear subspace Y. The greatest lower bound of this set is
known as the projection constant of the given subspace with respect to the
space in which it lies. Sometimes the word relative is used to indicate the
fact that X is fixed. A projection whose norm is equal to this constant is
called a minimal projection. In this generality there is no way of knowing
whether such a projection exists or if it does, how it is characterised.
However, if Y is finite-dimensional, then the existence question may be set-
tled affirmatively.

In this paper we investigate some problems first discussed by Jameson
and Pinkus [1]. They exhibited a minimal projection from C(S x T) onto
C(S)+ C(T), where S and T are compact Hausdorff spaces each containing
infinitely many points. In order to be sure that their projection was
minimal they calculated the projection constant for the subspace
C(8)+ C(T) and found it to be 3. In this paper we shall calculate the pro-
jection constant for the subspace L,(S)+ L,(T) as a subspace of L,(Sx T)
and L_(S)+ L (T) as a subspace of L. (Sx T). Note that some restric-
tions on the measure spaces S and T are inevitable. For example, in order
that L,(S) and L,(7) can be regarded as subspaces of L,(Sx T) we need S
and T to have finite measure. A further restriction, corresponding to the
assumption that S and T contain infinitely many points in [17], will also be
needed.
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II. TuE FiNITE-DIMENSIONAL CASE

In this section we shall use R” to denote the linear space of n-vectors.
Points in R™ can then be identified with matrices of size n x m. We shall
use both /; and /-norms. In /7™ this can be given in its most general form
by choosing a “weight matrix” W=(w;) such that w,>0, 1<i<n,
I1<j<m, and ¥7_; 37| w;= 1. Then for any matrix 4 €/{” we define

141=3 S wila,.

i=1j=1

In the same manner we define for 4 e /™"

4l =

8

1
ax — layl.
Sn Wy

Y

1<i<g
I<jsm
We shall consider the subspace M < R™, where M “=" R” + R”, Here the
obvious abuse of notation has occurred in that R” + R™ stands for the set
of matrices which are the sum of a matrix whose columns are constant and
a matrix whose rows are constant. It will be important at a later point to
observe that if X is such a matrix then

Xy = Xps+ X0 — Xpys I1<rksml<gs l<sm

We shall consider projections from R™ onto M and obtain a complete
description of the minimal projection in certain cases. It will be important
to observe that our normalization is such that /f™ and /"™ are in duality.
Now let P be a projection from R™ onto M. It is convenient to describe
the action of P (following [1]) on the matrices E,,, which have zero entries
everywhere except the (7, s) position where they are unity. We shall write

PE, = 4,,=(ap).
Lemma 2.1.

. 1 n m
(1) ”P”(JO=rn’3'X‘”T Z Z Ia:lsl Wr:’

Gr=1s5s=1

1 ”n m
(i) IIP|11=H:aX“;)— 2 2 laplwy

»$ rsi=1j=1
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Proof. Part (i) is a straightforward computation, and (ii) may be
obtained by recalling

(Pl =HP*lgme=sup (P*¢]

1l =1
pe(Im)*
1 n m
= sup max—|Y Y af¢;
Blo=1 rs WrsliZyj o1

<max—— Z z lagl wy
rs rsi=1j=1
Equality is easily attainable at this final step.

In fact Lemma 2.1 is nothing more than the column and row sum for-
mulae for /; and / -norms of matrices when regarded as operators
R™ — R™™, Also, the result is not limited to projections but holds for any
linear operator from R™ to itself. In order that P should be a projection
we require that

(i) Y a5=4dy, 1<ig<n; 1<s,j<m
r=1
(i) Y ay=6,, 1<ir<n; 1<j<m
s=1
(i) ap=ap+a;—a, 1<r,i,k<n;, 1<s,j,l<m.

From these three conditions we obtain

n m
Z Y {aj;+a}—ai,
1j=1

HygE
|| Ms
ll

Z 6117

i=1

]
! Ma

._.

[ M:

ie.,

(iv) Y Y al=m+n—1

i=1j=1

These four conditions appeared in [1].

THEOREM 2.2. Let P be a projection from R™™ onto M. Then ||P|, and
|Pll, are at least (1/nmmax;;w;) 3—-23%"_, ¥™ | aw,) and

(mxn Wi >(3 2 2 Z arsW”)respectively-

max; ;w rels=1
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Proof. We consider first

ri=1sj=1
noom m n
>y Z( ZZaw,,+Za”w,j+Zaw—a”w)
r=1s i=1;=1 j=1 i=1
I#r j#s
n m n m m n m
=-2 X X Za:’fwu+2z Zwuzaﬁ
i=lj=1lr=]s=1 Jj=1lr=1 s=1

Il
I
+
(&
g
™
=
+
(&
M=

Hence there exist a pair (i,, j,) and a pair (r,, s,) such that

n m n m

XX laglz3-2% ¥ aiw,

r=1s=1 r=1s=1

B

m

Z Z |ap IW,,>L(3 2) Y aiw, )

i=1lj=1 r=1s5s=1

and so

min, i

1Pl > —t ”(3 23 3 asw, )

Ly r=1s=1

1P, > 3223 3 atw )

r=1s=1

nmmax;; w; (

If the w,, are all equal, ie., w,, = 1/nm, then we obtain a simpler version of
Theorem 2.2.

CoroLLARY 2.3. Let w, = 1/nm. Then both | P\, and | P||, are at least
3-2(n+m—1)/nm.

Proof. The result follows directly from Theorem 2.2 and condition (iv).
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THEOREM 2.4. (i) The minimal projection from I onto M has norm
3—(2/mm)(n+m—1), when w,,=1/nm,

(ii) (see [1]). The minimal projection from I"™ onto M has norm
3—~(2/nm)(n+m—1), when w,,=1/nm,

Proof. The given number is already a lower bound from Corollary 2.3
and the following projection (again from [1]) has the appropriate norm:

ay=——, r#£i, S#j

nm

n—1 . .

= , r=i, S:)é]
nm

m—1 .

= , r#iL s=j
nm

n+m—1

= , r=i, s=j
nm

THEOREM 2.5. The minimal projection from 5" onto M has norm one and
is identical with the minimal projections for 17, I"™ given in the proof of the
previous theorem.

Proof. All that needs to be established here is that the appropriate pro-
jection is indeed the orthogonal projection. For this we write any point
Ael™ as A=G+H+X, where G+ He M and Xe M* if and only if

To1Xy=27, x;=0for I<i<nand 1 <j<m. To see this suppose first
X has the latter property. Then, if the rows of G are constant, (G, X> =
22, 8%, =2, 8n 2; X;=0. The proof for the columns of H being con-
stant is similar. Alternatively, suppose Xe M™*. Then, for example,
(H, X)) =0 for -all matrices H which are constant along columns. This
means that 3, 3, A;x;=3%; h;; ¥, x;=0, which gives one half of
the required condition on X. The other half follows similarly. Now let P be
the projection defined in the proof of Theorem 2.4. We shall indicate
why B— PBe M* for all Bel?™. For example, we must establish that

i-1 (B—PB);=0 for 1<j<m. Now

n

i (B~PB);=} (ba—zbma?)

i=1 i=1

n

n
=Y b;~Y b, Y af.
rs i=1

i=1
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Furthermore,

n—1

n _1 -_
e (n—1 1

,.‘E = (n=1)+ nm’ S#J
—1)n—1) n+m—1

=(m }n )+n m

nm nm

) §=J

Thus 37_, (B—PB),=%7_, b;—37_, b,=0.

i=1 r=1

III. THE INFINITE-DIMENSIONAL CASE

In this section we suppose that (S, X, u) and (7, @, v) are o-finite
measure spaces with ($x 7, @, o) being constructed in the usual way. Via
some lemmas and observations we aim to establish the following theorem.

THEOREM 3.1. (i) Let S and T be o-finite, non-atomic measure spaces.

Then the minimal projections from L_(SxT) onto L_(S)+ L (T) have
norm 3 and a minimal projection is given by

1
(Puf s )= | S50y dulx) 4~ [ (s, y) do(y)
Ho “so R

~ I sy dotx ),

HoVo ox Tp

where S, and T, are any sets of finite measure in S and T, respectively, hav-
ing measure pu, and v,.

(ii) Let S and T be finite non-atomic measure spaces. Then the
minimal projections from L (S x T) onto L,(S)+ L(T) have norm 3 and a
minimal projection is given by the same definition as in (1), where we may
take Sq=S and Ty=T. We denote this projection by P,.

We do not claim any originality for Theorem 3.1(i) since it can easily be
obtained from results in [1], combined with the arguments given below.

The assumption that the measure spaces S and T are non-atomic allows
us to take S, S,,..., S, in Sand T,, T,,.., T, in T, where n is any natural
number and {S,}7, {T,}7 are pairwise disjoint measurable sets. We shall
assume, by scaling § and 7 if necessary, that u(S;)=v(T;)=1/n for
1 i< n. Of course, non-atomicity is a convenient but not a necessary con-
dition for the existence of such sets. Throughout this section it will be con-
venient to reserve the notation /7 exclusively for R” with the norm as
defined in Section II having weights w;=n~7 Similarly, I”2 will have norm
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with these same weights. For simplicity, we shall assume that L,(S), L,(7)
and L,(S x T) are understood to imply finite measure spaces, while L_(S),
L. (T)and L (S x T) imply o-finite measure spaces. We shall define maps
Q.: Li(SxT)> 7" and R,: I - L,(Sx T) by

©f)=r[|  flstyde,  feL(SxT),

i

n

(RyA)(s, 1) = Z Ay X six 150 AEI’I'Z.

ij=1

We can also use the same definitions for maps Q. : L. (Sx T)— [ and
R, :I" 5L (SxT)

Lemma 3.2. (i) Qi =R =1.
(i) 1Qul=n®and [Roll=n"">

Proof. We shall only establish (ii) since the computations are all
straightforward. Firstly,

n® sup max [(Q,f);l <n® sup maxnzﬂ (f(s, t)| do < n
=1 i) Iflo=1 ij Six T,

The function f given by f(s, t) =1 almost everywhere provides attainment.
Secondly,

n
Y Ayksix T
Lj=1

= sup max|ay=n""

Al =1 &Jj

sup esssup [(R,A)(s, )} = sup esssup

Al =1 (s,)eSx T Al =1 (s0)eSxT

This completes the proof.
Now comes the result on which this section rests. It is purely algebraic in
character.

LemMMmA 33. (i) Let P be a projection from L,(SxT) onto
L,(S)+ L(T). Then Q, PR, is a projection from I"" onto M.
(ii) Let P be a projection from L (S x T) onto L(S)+ L(T). Then
Q. PR, is a projection from I”. onto M.
Proof. In either case there is no doubt that the range and domain of the
given operator are R™. For convenience in the following few lines we shall
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use Q to denote Q; or @, and R to denote R, or R_,. We begin by show-
ing that the range of QPR lies in M. It will suffice to show

(QPRA);+ (QPRA) = (QPRA)y, + (QPRA),

where 1<, j, k, I<n and AeR". Since P is a projection onto either
L (8)+L.(T)or L,(S)+L,(T)we know that if PRA =y then y can be
written as the sum of two univariate functions g (a function of s) and 4 (a
function of ¢). Then

(QPRA),-,-+(QPRA),(,=n2ﬂS’XT(g+h)da+n2” (g+h)do

Sk x Ty

:nL’ gdu+nJ.Tl hdv+nf8kgdu+nfrl hdv

=nzﬁs_”(g+h)da+nzﬂ (g+h) do

S x T;

= (QPRA);+ (QPRA),,.

To verify that QPR is a projection on M we shall content ourselves with
showing that if 4 is a matrix whose rows are constant then QPRA = A. The
full result then follows from a similar argument when A is constant along
columns plus the usual linearity. So suppose 4 =(a;), a;,=k;, 1<j<n
Then it is clear that RAe L_(S) and so PRA = RA. Then it is immediate
from the form of Q that QR4 = 4.

Proof of Theorem 3.1. Given any projection P from either L_(Sx T)
onto L (S)+ L (T)or L,(SxT)onto L,(S)+ L,(T) we may associate P
with (respectively) a projection from /2 onto M or I’ onto M using the
operators Q,, O, R, and R, . Again writing Q for either Q, or Q@ and R
for either R, or R an application of Corollary 2.3 gives

2
3=z (n—D<IQPRI<IQI |PI IRl =|P].

Since this inequality holds for all values of n we obtain || P]| = 3. It is now
elementary to verify from the definitions of P, and P that both have
norm at most 3. This concludes the proof.

Notice that when S and 7 have finite measure we may choose S, and T
in the definition of P_, to coincide with S and 7. In this case we can con-
struct functions which are “nearly extremal” for P, and P, . Diagram-
matically this is done in each case, when S=7T=1[0, 1].
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Case (i). L(SxT).

1
fe(sa t)=1_82 |lﬁ|ll=1
£
1 .
fhs)=—-1 lim ||P,/,]l, =3,
0 1
I
Case (ii). L_(SxT)
I
1
fls, )= —1 1folloo =1
e
fds.1)= +1 lim | Pl =3.
0 1
IV. REMARKS

A natural question to ask at this point is whether we can determine the
projection constants for L,(S)+ L,(T) as subspaces of L,(Sx T), where
1< p< 0. We have already dealt with the cases p=1, oo. The case p=2
is, of course, the familiar Hilbert space case and the projection constant is
necessarily unity there, with the usual orthogonal projection being the
minimal projection. The dependence of the projection constant on p is an
interesting question which is currently receiving attention.

We conclude with a brief comment about the difference between the
problem in continuous function spaces and integrable function spaces. In
[1] the transfer of the finite-dimensional results to the continuous function
space was a matter of a simple identification. Once we lose the bounded-
ness of the point evaluation functionals that identification becomes a little
more intricate, as seen in Section II1.
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